Longitudinal data are characterized by the dependence between observations coming from the same individual. In a regression perspective, such a dependence can be usefully ascribed to unobserved features (covariates) specific to each individual. On these grounds, random parameter models with time-constant or time-varying structure are well established in the generalized linear model context. In the quantile regression framework, specifications based on random parameters have only recently known a flowering interest. We start from the recent proposal by Farcomeni (2012) on longitudinal quantile hidden Markov models, and extend it to handle potentially informative missing data mechanism. In particular, we focus on monotone missingness which may lead to selection bias and, therefore, to unreliable inferences on model parameters. We detail the proposed approach by re-analyzing a well known dataset on the dynamics of CD4 cell counts in HIV seroconverters and by means of a simulation study.
Introduction
Quantile regression has become a standard tool to model the distribution of a continuous response variable as a function of a set of observed covariates. When the interest lies not only on the center of the response distribution and/or when the observed data may include some outliers, quantile regression represents an interesting alternative to standard mean regression. During the last few years, the basic homogeneous quantile regression model (Koenker and Bassett, 1978) has been extended to deal with longitudinal responses. To handle the dependence between measurements taken over time on the same individual, unit-specific, time-constant, random parameters can be added to the model specification (see eg Bottai, 2007, 2014) . A potential alternative is to consider time-varying random parameters. In this perspective, by extending standard hidden Markov models (Wiggins, 1973) , Farcomeni (2012) proposes a linear quantile hidden Markov model with a random intercept that varies over time according to a first-order hidden Markov chain. For a general treatment of hidden Markov models (HMMs) for longitudinal data, see Bartolucci et al (2013) and references therein. A common feature of longitudinal studies is that individuals may leave the study before its end.
Thus, variable-length individual sequences represent a further challenge, since not all individuals have the same weight in building up the log-likelihood function. A major problem is the so-called informative missingness: once conditioning on the observed covariates and responses, the selection of units in the study may still depend on future, unmeasured, responses. When ignored, this missing data generating mechanism may severely bias parameter estimates and lead to misleading conclusions. Following the proposals by Roy (2003) and Roy and Daniels (2008) , we consider a pattern mixture representation (Little and Wang, 1993) and develop a linear quantile hidden Markov model with latent drop-out classes. The idea behind such model is that, after conditioning on the observed covariates, differences between sample units arise due to unobserved heterogeneity. Random parameters varying over time according to a hidden Markov chain capture differences related to the dynamics of omitted covariates. A further source of unobserved heterogeneity may be represented by sub-samples of individuals being characterized by a different propensity to drop-out from the study. These sub-populations are identified by adding in the model a latent multinomial variable, whose ordered categories directly influence the Markov transition matrix. The paper is structured as follows: in section 2, the linear quantile hidden Markov model is briefly reviewed. In section 3, we extend this proposal in a pattern mixture perspective, by considering latent drop-out classes to capture individual-specific propensities to leave the study. The modified EM algorithm for parameter estimation is discussed in section 4; the proposed method is applied in section 5 to a well-known benchmark multi-center longitudinal study on the time progression of CD4 cell numbers in HIV seroconverters. Section 6 discusses the results of a simulation study. Last section contains concluding remarks and outlines potential, future, research lines.
Linear quantile hidden Markov models
Let us suppose a longitudinal study collects repeated measures of a continuous response variable Y it on a sample of i = 1, . . . , n subjects at time occasions t = 1, . . . , T . To account for dependence between measurements on the same statistical unit, a standard approach is to specify a conditional model for the responses, which are assumed to be independent, conditional on a set of individual-specific latent variables. In the context of generalized linear models for longitudinal responses, such latent effects may be either time-constant, as in mixed models (Laird and Ware, 1982) , or time-varying, as in hidden Markov models (Wiggins, 1973) . For a combination of both, see Altman (2007) and Maruotti (2011) . While this class of models has quite a long history in the generalized linear model framework, only recently its scope has been broadened to quantile regression, see Geraci and Bottai (2007) and Geraci and Bottai (2014) . Models with time-varying parameters have been introduced by Farcomeni (2012) to model the (conditional) quantiles of a longitudinal response. This proposal (in the following lqHMM) is based on the existence of two related processes: a latent process with a Markov structure and an observed measurement process, whose parameters are defined by the current state of the hidden Markov chain. Conditional on the state occupied at a given time occasion, the longitudinal observations from the same individual are assumed to be independent (local independence assumption). Let us consider a quantile τ ∈ (0, 1), and denote by S it (τ ) a quantile-specific, homogeneous, first order, hidden Markov chain. The chain takes values in the finite set S(τ ) = {1, . . . , m(τ )}; δ(τ ) and Q(τ ) are the initial probability vector and the transition probability matrix of the chain, respectively. The lqHMM can be specified as follows:
where µ, σ and τ are the location, the dispersion and the skewness parameters for the asymmetric Laplace distribution. The location parameter is linear in the time-varying intercept, α(s it , τ ), and in the vector of fixed effects β(τ ). The assumption that the response variable has an asymmetric Laplace distribution, see Geraci and Bottai (2007) , is made to recast standard quantile loss optimization within a maximum likelihood perspective. Moving from the random intercept to the more general random coefficient framework, we may write
where β(τ ) summarizes the fixed effect of observed covariates on the τ -th (conditional) quantile of the response distribution, while α(s it , τ ) represents the individual-specific effect associated to a subset of x it for an individual in state s it at time occasion t. Based on the modelling assumptions, the individual contribution to the observed data likelihood can be written as follows:
Obviously, this framework leads to quite a general structure of association between longitudinal measurements. However, this model can not properly handle incomplete sequences due to an informative missing data process (Little and Rubin, 2002) . In the next section, we extend such a model specification to account for individual differences in the propensity to leave the study.
Handling informative missingness
Let us consider a measurement process affected by monotone missingness: for each unit i = 1, . . . , n, the measurements are available at time points t = 1, . . . , T i only, with T i ≤ T . Let us denote by R it the missing data indicator variable, which is equal to 1 if the i-th subject is not available at the t-th occasion. Since we consider monotone missingness, R it = 1 ⇒ R it = 1, t ≥ t = 1, . . . , T . When the drop-out is informative, the missing data process needs to be properly modelled, at the risk of obtaining unreliable parameter estimates. The drop-out is defined to be informative when, conditional on observed responses and covariates, the missing data process still depends on the current, unobserved, values and/or when parameter distinctiveness between the distribution of Y and R does not hold, see Little and Rubin (2002) for a general treatment. In these cases, a more general model should be defined. Few attempts to handle informative missingness have been made in the quantile regression framework; Lipsitz et al (1997) and Yi and He (2009) suggest a GEE approach (Liang and Zeger, 1986) , while Farcomeni and Viviani (2015) consider a joint model (JM) representation, see Rizopoulos (2012) . While this latter approach is an elegant way to handle dependence between longitudinal responses and missingness, JMs require the distribution for the missing data process to be completely specified and this often represents a delicate matter. Here, we focus on pattern mixture models (PMMs), see Little and Wang (1993) . The rationale for pattern-mixture models is that each subject has its own propensity to drop-out from the study. Individuals with similar propensities share some common observed/unobserved features and the model for the longitudinal response is given by a mixture over these patterns. Pattern mixture models do not need the distribution of the missing data generating process to be specified, but are often overparameterized. This issue may be (at least potentially) solved by defining appropriate identifying restrictions. Latent drop-out (LDO) models (Roy, 2003; Roy and Daniels, 2008 ) represent a viable solution. In such a specification, a limited number of LDO classes is considered to avoid overparametrization; sample units belonging to the same LDO class share common unobserved characteristics that influence, either directly or indirectly, the response variable distribution. To explain our proposal, let ζ i (τ ) = (ζ i1 (τ ), ..., ζ iG (τ )) be a (quantile-specific) multinomial random variable with component ζ ig (τ ) = 1 if subject i belongs to the g-th drop-out class and zero otherwise. These categories represent ordered propensities to drop-out; that is, we assume that, for g > g , the propensity to drop-out for units with ζ ig (τ ) = 1 is lower than the propensity of units with ζ ig (τ ) = 1. For a generic quantile τ ∈ (0, 1), this ordering is specified through the following model:
under the constraint λ 0g (τ ) ≤ λ 0g (τ ) if g < g . The probability of belonging to one of the first g classes is, thus, modelled as a monotone function of the time to drop-out; the probability of a specific class is obtained as the difference between two adjacent cumulative logits (Agresti, 2010) . We prefer the proportional-odds specification used in Roy and Daniels (2008) over the non-proportional-odds discussed by Roy (2003) since the common slope for the curves defining the cumulative probabilities and the above constraints imply that the distribution of ζ i (τ ) at different values of T i is stochastically ordered. We assume that the latent drop-out class variable summarizes all the dependence between the longitudinal response and the missing data mechanism; conditional on the drop-out class, the two processes are independent. As it is obvious, LDO classes may influence the response variable distribution in several ways: for example, they may produce class-specific changes to the fixed effect parameter vector, as in Marino et al (2015) . Alternatively, they may produce changes in the locations of the hidden Markov chain, thus giving rise to a LDO-specific support for the time-varying random parameters. Here, we discuss a further alternative; we assume that LDO representation produces a change in the matrix of transition probabilities. That is, we consider a (quantile-specific) homogeneous, first order, hidden Markov chain, S it (τ ), taking values in the finite set S(τ ) = {1, . . . , m(τ )}. The corresponding initial probability vector is assumed to be constant among LDO classes and is denoted by δ(τ ), while the transition probability matrix Q(g; τ ) is specific to each LDO class, g = 1, . . . , G. This approach shares some features with the proposal by Maruotti and Rocci (2012) ; here, latent class-specific transitions are considered in the framework of standard HMMs. As it is clear, the proposed specification covers a range of situations which is more general than a simple change in the location parameters of the hidden Markov chain. By allowing Q(·) depend on g, we may define states that are "visited" only by individuals in a given LDO class, that is latent class-specific parameter values. The proposed model is in line with Bartolucci and Farcomeni (2015) and Maruotti (2015) , where standard HMMs are extended to deal with informative drop-outs. More in detail, Bartolucci and Farcomeni (2015) discuss a shared parameter model with time-constant and time-varying (discrete) random intercepts shared by the longitudinal and the missing data process. Maruotti (2015) describes a pattern mixture approach with the Markov transition matrix being a function of the time to drop-out. When compared with the former, our proposal does not need the distribution of the missing data process to be specified, thus allowing to avoid unverifiable parametric assumptions. When compared with the latter, our approach seems to be more general and offer greater flexibility.
) denotes the vector of longitudinal model parameters, and let Φ(τ ) be the vector of parameters indexing the distribution of the time to drop-out, f T (T i | Φ; τ ). Based on the previous modelling assumptions, the observed individual likelihood for a generic sample unit is obtained by marginalizing the joint distribution of the observed and the latent variables over the hidden Markov chain and the latent drop-out class indicator. Suppressing the dependence on model parameters to simplify the notation, the following expression holds:
From the above equation, it is clear that the marginal distribution of the time to drop-out can be left unspecified and ignored when maximizing the likelihood with respect to Ψ(τ ); inference may be based on the conditional distribution f Y |T (y i | T i ; τ ) only.
Parameter estimation
The general structure of the EM algorithm (Dempster et al, 1977) we use for parameter estimation can be sketched as follows. To keep the notation simple, we will omit the dependence of model parameters on the specific quantile τ we consider. Let u it (h) = I(S it = h) be the variable indicating the i-th unit is in the h-th hidden state at occasion t and let u it (h, k) be the indicator variable for the i-th unit moving from the h-th state at occasion t − 1 to the k-th one at t. Last, let ζ ig be the indicator variable for unit i = 1, . . . , n in the g-th latent class. For a given quantile τ , the (conditional) log-likelihood for complete data is
The E-step of the algorithm requires the computation of the expected values for the indicator variables u it (h), u it (h, k) and ζ ig , conditional on the observed data and the current parameter estimates. As it is usual with hidden Markov models, such a computation is simplified by considering the forward and backward variables (Baum et al, 1970) . In the present framework, for a generic individual in the g-th latent drop-out class, forward variables, a it (h, g), define the joint density of the longitudinal measures up to time t and the h-th state at t:
Following Baum et al (1970) , these terms can be computed recursively
Similarly, the backward variables, b it (h, g), represent the probability of the longitudinal sequence from occasion t + 1 to the last observation, conditional on being in the g-th LDO class and in the h-th state at time t:
As for the forward, also backward variables can be derived recursively:
For a detailed description of the Baum-Welch algorithm, see the seminal paper by Baum et al (1970) and the reference monograph by Zucchini and MacDonald (2009) .
Computation of the expected complete data log-likelihood, conditional on the observed data and the current parameter estimates, leads to
whereû it (h) andζ ig represent the posterior expectation of the indicator variables we have previously introduced. Moreover,û it (k, h | g) denotes the posterior probability for the i-th unit in state k at occasion t − 1 and moving to state h at occasion t, given she/he belongs to the g-th LDO class. These posterior probabilities can be easily obtained by exploiting the forward and backward variables (7) and (9) as:
The M-step of the EM algorithm require the maximization of the Q(·) function with respect to model parameters. Closed form solutions are available for the parameters of the hidden Markov process:δ
The scale parameter of the longitudinal response distribution is estimated aŝ
Parameters in the longitudinal and in the LDO class model, (θ, λ), are estimated by finding the zeros of weighted score functions. For the longitudinal outcome, weights are given by the posterior probabilities of the hidden states,û it (h); the following estimating equation holds
For the latent drop-out model, the score function is weighted by means of the LDO class posterior probabilities,ζ ig , leading to
The E-and the M-steps are repeatedly alternated until the difference between the likelihood values for two successive iterations is lower than a fixed constant > 0, that is
The algorithm reaches convergence for a given number of hidden states, m, and latent dropout classes, G, which we consider fixed and known. For a given combination [m, G], several starting points are used to avoid local maxima. As a result, we have a set of possible solutions, and the final [m, G]-based estimates come from the model with the highest log-likelihood value obtained over the set of starting points considered. As it typically happens in the linear quantile mixed model framework, standard errors for parameter estimates are derived by exploiting a non-parametric block bootstrap (see eg Buchinsky, 1995) . Bootstrap samples are obtained by sampling individuals and retaining the corresponding longitudinal sequence, to preserve the within individual dependence structure.
Real data example: CD4 data
To explore the empirical behaviour of the model, we consider the CD4 cell count data discussed, among others, by Zeger and Diggle (1994) . These data come from the Multicenter AIDS cohort study (MACS) conducted since 1984 with the aim at analysing HIV progression over time (see Kaslow et al, 1987) . It includes nearly 5000 gay and bisexual men from Baltimore, Pittsburgh, Chicago and Los Angeles. One of the effects of HIV is the reduction of T-lymphocytes, referred to as CD4 cells, which play a vital role in immune function; the virus progression can be assessed by measuring the number of CD4 cells over time.
We have considered 2376 repeated measurements coming from 369 men who were seronegative at the beginning of the study and seroconverted in the meanwhile. They have been observed from 3 years before up to 6 years after the seroconversion: each individual has been followed from a minimum of 1 to a maximum of 12 occasions. While the time occasions are not equally spaced, the distribution of the time elapsed between successive visits is concentrated around 0.50 (that is half a year) and, therefore, we may consider occasions as if they were equally spaced. This greatly simplifies notation and estimation. At each visit, a number of covariates has been measured together with the level of T-lymphocytes in the blood: years since seroconversion (negative values indicate that the current CD4 measurement has been taken before the seroconversion), age at seroconversion (centered around 30), smoking (packs per day), recreational drug use (yes or no), number of sexual partners, depression symptoms as measured by the CESD scale (larger values indicate more severe symptoms). The analysis has been conducted on the log transformed CD4 counts, that is log(1+CD4 count).
As it is often the case with longitudinal designs, some of the units in the sample leave the study before its ending, and present incomplete information. In table 1, we report the number of individuals available at each visit; as it can be seen, only a small number of individuals presents complete data records. Figure 1 displays the mean response evolution during the follow up, for the overall sample and stratified by whether or not the units drop-out from the study between the current and the subsequent time occasion. As it may be noticed, a progressive decrease in the CD4 counts is observed, which is coherent with the progression of the virus. However, some differences Time Occasion Mean log(count +1)
Overall Next Measure Available Next Measure Unavailable between the units staying and those dropping-out from the study between t and t + 1 may be noticed. The latter (individuals) present CD4 levels which are lower when compared to units remaining in the study beyond t + 1, especially at the beginning of the observation window. These findings suggest the potential presence of some form of sample selection. To analyse the effect of observed covariates on the HIV progression and account for the missing data process, we have estimated a linear quantile hidden Markov model with LDO-dependent transitions. To give some insight into the sensitivity of parameter estimates to modelling assumptions, we compare these results with those obtained from the corresponding MAR version, the lqHMM (Farcomeni, 2012) . Being more severe HIV-related symptoms the main target of inference, we have decided to focus on lower CD4 count levels, that is on τ = (0.25, 0.50). For a generic quantile τ ∈ (0, 1), the following conditional model for longitudinal observations has been fit:
where α(s it ) denotes a state-dependent random intercept, while x it includes two continuous covariates (years since seroconversion and age), the dummy variable drug (baseline: no) and three discrete variables (packs of cigarette per day, number of sexual partners and CESD score). Both lqHMM and lqHMM+QLDO have been fit for a varying number of hidden states (m = 2, ..., 5) and, if the case, for a varying number of latent drop-out classes (G = 2, ..., 5). To reduce the chance of being trapped in local maxima, we have adopted a multi-start strategy. For the hidden Markov chain, a first deterministic starting solution has been obtained by setting prior and transition probabilities to δ h = 1/m and q kh = (1+sI(h = k))/(m+s), h, k = 1, ..., m (for a suitable constant s) for all the LDO classes (when present). Parameters in the missing data model have been initialized by fitting an ordered logit to the response obtained by discretizing the distribution of the number of visits for each individual. To avoid singularities, a fraction ξ of responses has been randomly perturbed. Initial values for the fixed longitudinal model parameters correspond to the maximum likelihood estimates of the linear quantile regression model for independent observations, while the time-varying random intercept has been initialized by adding Gaussian quadrature locations to the corresponding fixed intercept. Random starting values have been obtained by perturbing the deterministic ones. For each model (ie for each combination [m, G]), we have considered 30 starting points and retained the solution with the highest likelihood. In table 2, we report the corresponding AIC and the BIC values for such solutions. As it was expected, because of the high number of parameters in the lqHMM+QLDO formulation, both criteria suggest to retain the solution with m = 5 and G = 1 for the quantiles we have considered. However, by looking at the AIC values, we noticed only slight differences between the solution [m = 5, G = 1] and [m = 5, G = 2]. This suggests that, despite the highly parametrized structure of the lqHMM+QLDO formulation, model fit (as measured by the maximized log-likelihood value) is improved when accounting for the missing data generation process. Furthermore, simulation results in section 6 show that the BIC leads, in most of the cases, to models with a lower (than the truth) number of LDO classes. Based on these findings, we will consider the model [m = 5, G = 2] as the potential competitor for the MAR version (the lqHMM). Table 3 reports the estimated parameters for the longitudinal data model under the lqHMM and the lqHMM+QLDO specifications, with corresponding 95% confidence intervals (within brackets). The confidence intervals have been computed (using a block non-parametric bootstrap) with B = 1000 resamples. As it can be easily noticed, age and drugs play no role in explaining the evolution of the CD4 cell counts over time. For both models, and for all the analysed quantiles, more severe depression symptoms lead to a decrease in the response variable; as expected, increases in the time since seroconversion correspond to a reduction in the level of T-lymphocytes. The effect of Time sero is slightly reduced under the lqHMM with respect to its MNAR counterpart. Results for the remaining covariates follow. Based on the results reported in table 3, smoking more cigarettes (for τ = 0.25 and τ = 0.50, with stronger effect in the former case) and having more sexual partners (τ = 0.25 only) are associated to higher CD4 cell counts. According to Zeger and Diggle (1994) , the positive effect of such risk factors may be due to immune response stimulation or, simply, to a form of selection bias with healthier men staying longer in the study that continue their usual practices. Regarding state-dependent intercepts, the estimates increase with the quantile level and, in all the analysed models, higher CD4 cell counts correspond to "higher" hidden states. When comparing results obtained under the lqHMM and the lqHMM+QLDO, no substantial differences can be observed; this suggests the class of models we are considering is rather robust with respect to possible misspecification of the missing data generating mechanism. However, when looking at the bootstrap confidence intervals, slight differences emerge. That is, if we consider the missing data process, we obtain narrower intervals and, therefore, improved reliability for parameter estimates. By matching the results discussed so far with the estimated initial and transition probabilities, more thoughtful information on individual trajectories can be obtained. We report in table 8 the parameters for the Markov chain estimated under the lqHMM formulation. For τ = 0.25, it is clear that most of patients start the study with a medium/high level of CD4 cell counts (δ 3 +δ 4 +δ 5 > 0.9). As the time passes by, the estimated Q matrix highlights a high variability in the longitudinal trajectories. Transitions between states are quite likely; units being in lower hidden states generally tend to move towards higher baseline values. When analysing results we have obtained for the median response (τ = 0.50), a different evolution of the response variable seems to be recovered. Here, intermediate hidden states are the most likely at the beginning of the observation window (δ 2 + δ 3 + δ 4 > 0.85) and transitions between states are less frequent than that observed for τ = 0.25 (q hh > 0.8, ∀h = 1, ..., m). If any transition is observed, the probability of moving towards "lower" states is slightly higher than that of moving towards the highest ones. The analysis of results obtained under the lqHMM+QLDO specification can help understanding the effect of a potentially non-ignorable missingess on these results. In figure 2 , we report the estimated LDO class probabilities obtained under the lqHMM+QLDO specification. It may be noticed that, for both quantiles, higher classes are associated with increasing time to drop-out. That is, units staying longer into the study belongs to the second LDO class. We report in tables 9-10 the estimates for the initial and the transition probabilities under the lqHMM+QLDO specification for the two classes (say LDO 1 and LDO 2 ). Initial probability estimates, for all the analysed quantiles, suggest that the first hidden state is quite unlikely at the beginning of the study. Units are almost equally distributed over the remaining states. As regards the transition probability matrices, parameter estimates highlight the presence of individuals in the sample who experience quite a different progression of the disease over time. Class LDO 1 is characterized by shorter individual sequences and mostly include subjects who leave the study prematurely. Within this class, the estimated transitions for τ = 0.25 are quite similar to those observed for the lqHMM specification. Units with particularly low CD4 count levels move towards "higher" hidden states. The only remarkable difference between lqHMM and lqHMM+QLDO is related toq 11 that, under the latter approach, is much higher (q 11 = 0.931 vsq 11 = 0.798). This is probably due to those units in the sample that leave the study with very low CD4 levels and that, under the MAR approach, are not clearly identified. When we look at the results for τ = 0.50, the estimated transitions suggest a progressive reduction in the median response over time. Comparing results obtained under the MNAR and the MAR approach, it is clear that such an evolution is better identified when accounting for the missing data process. In fact, under the LDO specification, the probability of moving towards the "lowest" state is higher than that observed for lqHMM and with probability equal to one individuals do not further move. This result helps detect units that drop-out prematurely from the study after experiencing a steep and sudden reduction in CD4 count levels. Focusing on class LDO 2 (ie the class associated with units staying longer into the study) different longitudinal paths can be observed. When considering the left tail of the response distribution (τ = 0.25), the first two hidden states are seldom visited and, if any transition is observed, units move towards "higher" states in at the next occasion. The only exception is for the estimateq 31 = 0.184 which is probably associated to some units that experience a sudden decrease in the CD4 level followed by an increase at the subsequent visit. Regarding the other hidden states, if any transition is observed, units generally tend to move towards higher baseline values. A similar path can be observed for the median response, τ = 0.50, where the estimated Q matrix is almost diagonal, apart from the first hidden state which is, however, seldom reached. As for τ = 0.25, also in this case, if any transition is observed, this is generally towards higher intercept values.
To support the results we have discussed so far, we report in figure 3 the longitudinal trajectories of individuals classified (via a MAP criterion) into LDO 1 (left) and LDO 2 (right), for τ = 0.25 and τ = 0.50. Local polynomial regression curves (blue lines), 95% confidence intervals (gray bands) and mean values (blue dots) are reported. Due to the missing data process, wider confidence intervals are observed at the last measurement occasions. As expected, units in class LDO 1 leave the study earlier in time and experience a more evident reduction in the CD4 counts during the follow-up time. On the other hand, longer longitudinal sequences and more stable response patterns are observed for those units who are classified in LDO 2 , for both τ = 0.25 and τ = 0.50. While we can not postulate the proposed model is correct and the lqHMM is not (this is not our aim indeed), we may observe that, by considering an inhomogeneous hidden Markov representation due to a non random missing data generating process, some of the parameter estimates slightly change interpretation and we get a more complete and coherent picture of the response variable dynamics.
Simulation study
To evaluate the empirical behaviour of the proposed model, we have performed the following simulation study. Data have been generated from a Gausian HMM+QLDO with m = 4 states and G = 2 LDO classes. 
Based on these parameter values, individuals belonging to the first LDO class move towards "lower" hidden states with a higher probability than units belonging to the second class. Here, we have decided to reduce the distance between the transition probability matrices associated to the LDO classes when compared to those estimated for the real data application. This has been done to verify the ability of the estimation algorithm in recovering the "true" latent structure. As regards the longitudinal observations, covariates available for the CD4 dataset have been directly considered. The following set of fixed parameters has been considered: β timeSero = −0.088, β age = 0.006, β drugs = 0.148, β packs = 0.055, β partners = 0.009, β cesd = −0.004; on the other hand, state-specific random intercepts have been set to α = {5. 861, 6.306, 6.650, 7 .039}. Based on these parameters, we have simulated the response variable from a Gaussian distribution, with variance σ 2 = 0.23, corresponding to the variance for the ALD density estimated in the real data application for τ = 0.50. Mean values have been defined according to the following model
We have considered B = 200 samples and estimated a lqHMM+QLDO for different quantiles, τ = {0.25, 0.50}, and for different choices of m and G, m = {3, 4, 5} and G = {1, 2, 3}. The bias and the standard deviation of parameter estimates for the longitudinal data model estimated for fixed m = 4 and G = 2 are reported in table 4. As it is expected, a higher bias is observed for the parameters related to the hidden Markov chain when compared to the fixed effect estimates. The quality of results reduces (that is bias and sd tend to increase) when considering the left tail of the response distribution as this represents a low density region with reduced information. We report in tables 5-6 the bias and the standard deviation (within brackets) of the estimated transition probability matrices for the LDO classes considering τ = 0.25 and τ = 0.50, respectively. For both quantiles, parameters are estimated with good accuracy in term of bias and (relatively) low variability, whatever the LDO class and the hidden state. Last, in table 7, we show the distribution of the estimated number of hidden states and LDO classes, using the AIC and the BIC criteria. As it is clear, AIC outperforms BIC in recovering the true number of states and classes. In fact, BIC tends to heavily penalize highly parametrized models. In the present context, for both quantiles, the BIC index suggests to adopt a lqHMM, that is a lqHMM+QLDO with a single LDO class (ie G = 1). On the contrary, AIC seems to recover with high accuracy the real model structure and it should be considered as a better choice to estimate m and G. Surprisingly, when comparing τ = 0.25 and τ = 0.50, slightly better results with respect to the choice of [m, G] are obtained in the former case. AIC always identifies the right model for τ = 0.25, while some anomalies have been observed for τ = 0.50, where, in 11% of samples, a further hidden state is selected. This is probably due to a more extreme behaviour in terms of state-specific locations which can be seldom observed at τ = 0.25. To summarize, results we have obtained highlight the effectiveness of the estimation algorithm in recovering the "true", underlying, model structure. The quality of parameter estimates we have obtained in this simulation study suggests that the results presented in Section 5 for the CD4 data analysis may be considered as quite reliable. The proposed model can be seen as a valid and flexible approach to handle informative missing data patterns while controlling for time-varying sources of unobserved heterogeneity in longitudinal profiles. While the choice of letting Q vary with the LDO class may lead to a substantial increase in the number of parameters, it may help describe the changes in the behaviour of units with a (possibly) different propensity to drop-out from the study.
Conclusions
Quantile regression models represent an interesting alternative to standard mean regression when the researcher's interest is on the tails of the response variable distribution and/or potential outliers in the data may affect the mean values. When responses are repeatedly measured over time on the same sample units, dependence between observations has to be taken into consideration to ensure the validity of inferential conclusions. In the presence of a potentially informative missing data mechanism, standard statistical tools may lead to biased parameter estimates due to the "selection" of units remaining under observation. In this paper, we have proposed a linear quantile hidden Markov model with drop-out dependent transitions. Within this framework, we obtain a more detailed picture of the response variable distribution and, jointly, address the problem of potentially non-ignorable missingness. More in detail, the latent drop-out class variable allows to capture (time-invariant) unobserved sources of heterogeneity shared by individuals with a similar propensity to drop-out. Such propensities lead to different transitions across the states of the hidden Markov chain; the marginal model for the longitudinal response is, therefore, given by a finite mixture of lqHMMs. We have re-analysed a benchmark dataset and compared the results obtained under the standard lqHMM by Farcomeni (2012) with those from the proposed approach. Although with the proposed approach the number of parameters consistently increases, a clearer description of the observed data is obtained; this renders the proposed methodology an interesting and valuable alternative to existing modelling approaches. Table 9 : Estimated initial and transition probabilities for the lqHMM+QLDO, m = 5, G = 2 and LDO 1 . 0.000 (0.000 ; 0.000) 0.000 (0.000 ; 0.000) 1.000 (1.000 ; 1.000) 0.000 (0.000 ; 0.000) 0.000 (0.000 ; 0.000) 2 0.000 (0.000 ; 0.000) 0.000 (0.000 ; 0.160) 0.000 (0.000 ; 0.047) 0.726 (0.000 ; 1.000) 0.274 (0.000 ; 1.000) 3 0.184 (0.000 ; 0.994) 0.000 (0.000 ; 0.000) 0.816 (0.000 ; 1.000) 0.000 (0.000 ; 0.124) 0.000 (0.000 ; 0.000) 
